
  

  
Abstract—A new model for a three-layer shielded microstrip 

line for microwave circuit applications is presented. Similar to 
dielectric relaxation considerations of Cole-Cole diagrams 
which was applied to dielectric materials, a “reactive relaxation” 
idea is introduced to embody the frequency-dependent 
characteristics of the micro strip line. This research is expedient 
for researchers as it proposes simple yet efficient methods that 
can explain physical aspects of micro strip circuits while 
ensuring precision. 
 

Index Terms—Cole-Cole diagrams, debye relation, 
microstrip, nonfringing energy 

 

I. INTRODUCTION 
The advent of new technologies has lead Radio Frequency 

(RF) and microwave engineers to design future ultra-fast 
digital circuits by increasing component density. Several 
researchers [1]-[3] proposed closed-form expressions for 
analyzing the high-speed microstrip transmission lines. Most 
computer-aided design (CAD) systems have been formed by 
utilizing this kind of algorithm that has built-in microstrip 
design capabilities. However, simple calculation technique 
for microstrip line parameters such as using hand-calculator 
or personal computer is needed for the initial design stage or 
for quick circuit evaluation purposes. Designers are also 
required to scrutinize fragmentally the physical components 
of microstrip circuits.  Researchers are searching for simple 
yet effective methods in explaining the physical aspects of 
the microstrip circuits which ensure accurateness. 

The contribution of this research is the analysis of the 
three-layer shielded microstrip line performance based on the 
Cole-Cole diagram representation [4]. To achieve this goal, 
an approach that uses the Debye relation [4] is introduced to 
portray frequency-dependent characterization of a microstrip 
line. Hence, “a reactive relaxation diagram” (analogous to the 
Cole-Cole diagram) is proposed to represent the 
frequency-dependent capacitive effects in the three-layer 
shielded microstrip line. 

Generally, it is time consuming and expensive to employ 
numerical approaches because it requires high performance 
computer for microstrip synthesis (or analysis) leading to 
computer-aided circuit design. However, the expressions 
derived in this paper are simpler and computationally 
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economical in terms of time and system requirements. 
 

II. DISPERSION MODEL OF A THREE-LAYER SHIELDED 
MICROSTRIP LINE 

The three-layer shielded microstrip line used in this 
research is the open transmission line. The geometry of the 
microstrip line is shown in Fig. 1.  

 
Fig. 1. Three-layer shielded microstrip line 

 
The frequency-dependent effective permittivity of the 

three-layer shielded microstrip line can be written as [5]: 
೐೑೑ሺ߱ሻߝ  ൌ ೝೡሺ߱ሻߝ ൅ ೐೑೑ሺ0ሻߝ െ ೝೡሺ߱ሻ1ߝ ൅ ܳሺ߱ሻ  

(1) 
ೝೡሺ߱ሻߝ   can be written as a “combination of static and 

frequency-dependent parts of the relative permittivity” [5] 
[6]. 
ೝೡሺ߱ሻߝ  ൌ ೐೜ߝ ൅  ೝೌ೏೏ሺ߱ሻߝ

                    (2) 
 

where ߝ೐೜ “could be obtained from the SLR formulation” [6]. 
Additional relative permittivity can be written as 
ೝೌ೏೏ሺ߱ሻߝ  ൌ ඥߝ∆ݎೝ ቀ1 ൅ ܽ ܪቁݓ݄ ሺ ௡݂ሻఉ 

          (3) 

௣݂ ൌ ܼ଴2ߤ଴݄ටቀߝ೐೑೑ሺ0ሻቁ 

                     (4) 
 

where ߱ ൌ  and ௡݂ is the normalized frequency and H is  ݂ߨ2
a parameter which controls the thickness of dielectric layers. 
Z0 “is the characteristic impedance of the microstrip line on 
the air-substrate”. Z0 could be obtained from the closed-form 
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expressions in [7]. The expressions forα , β , and γ  are 
summarized as follows [5]: 

Since ߝ௥ଵ ൐  ௘௙௙ሺ݂ሻ is obtained by takingߝ ,௥ଶ , thereforeߝ
the following parameters in Eqn. (3): 
ܪ  ൌ ඨ݄ଷ݄ ,     ݄ ൌ ݄ଵ ൅ ݄ଶ 

                 (5) 
 

For  ݂. ݄ ൑ .ݖܪܩ 0.8 ܿ݉, ௡݂ ൌ ௣݂/ ቀ2.5൫݂ െ  .ሺ0.035݂ሻ൯ቁ݌ݔ݁
 (6) 

 
For 0.8 ൑ ݂. ݄ ൑ .ݖܪܩ 2 ܿ݉, ௡݂ ൌ ௣݂/ ቀ2.0൫݂ െ  .ሺ0.035݂ሻ൯ቁ݌ݔ݁

         (7) 
 

For 2 ൑ ݂. ݄ ൑ .ݖܪܩ 6 ܿ݉, ௡݂ ൌ ൫ ௣݂/133.78൯. 
                (8) 

 
where f  and pf  are in GHz. 5.0== γβ , and the 

empirical expression for α  is as follows: 
 ܽ ൌ ଷܥ ቀ݄ݓቁି஼ర ,     0.6 ൑ ݓ݄ ൑ 10 

               (9) 
ଷܥ  ൌ 2.7392 െ 14.587 ൬݄ଶ݄ଵ൰,     ݄ଶ݄ଵ ൑ 0.05 ൌ 1.9715,     0.05 ൑ ݄ଶ݄ଵ ൑ 0.33 ൌ 2.1986 െ 0.6821 ൬݄ଶ݄ଵ൰ ,     0.33 ൑ ݄ଶ݄ଵ ൑ 1 

(10) 
ଷܥ  ൌ 0.4758 െ 0.9732 ൬݄ଶ݄ଵ൰,     ݄ଶ݄ଵ ൑ 0.05 ൌ 0.4246,     0.05 ൑ ݄ଶ݄ଵ ൑ 0.33 ൌ 0.4378 െ 0.03959 ൬݄ଶ݄ଵ൰ ,     0.33 ൑ ݄ଶ݄ଵ ൑ 1 

(11)   
 

The )( frvε  is consistent with the asymptotic 
requirement with in terms of top shield height, i.e., 

.)/()( 3 ∞→→ hhforf eqrv εε  For ,8)/( 3 >hh  the 

model can also be used to” determine the dispersion behavior 
of the open composite-substrate microstrip line” [6].  
For ,12 rr εε >  the )( feffε  is obtained by taking the 

following parameters in Eqn. (3): 
ܪ    ൌ ඨ݄ଷ݄ ,     ݄ ൌ ݄ଵ ൅ ݄ଶ 

             (12)       
For  ݂. ݄ ൑ .ݖܪܩ 0.8 ܿ݉, ௡݂ ൌ ௣݂/ ቀ2.2൫݂ െ  .ሺ0.035݂ሻ൯ቁ݌ݔ݁

     (13) 
 

For 0.8 ൑ ݂. ݄ ൑ .ݖܪܩ 1.2 ܿ݉, ௡݂ ൌ ௣݂/ ቀ2൫݂ െ  .ሺ0.035݂ሻ൯ቁ݌ݔ݁
          (14) 

 
     For 1.2 ൑ ݂. ݄ ൑ .ݖܪܩ 2.8 ܿ݉, ௡݂ ൌ ൫ ௣݂/125൯. 

              (15)             
      

III. MICROSTRIP-BASED EQUIVALENT RELAXATION 
PROCESS 

The Debye relation on the relative complex permittivity of 
a material depicting the dielectric relaxation can be written as 
[4]: 
where ω = 2πf; f is the applied frequency; and, fr = 1/τr where 
τr is the characteristic relaxation time of the dielectric 
material. Further, ∞ε  and sε  are the relative permittivity of 
כ௠ߝ  ሺ߱ሻ ൌ ஶߝ ൅ ௦ߝ െ ஶ1ߝ ൅  ሺ߱/߱௥ሻߨ2݆

(16a) 
or ߝ௠כ ሺ߱ሻ ൌ ൤ߝஶ ൅ ஶ1ߝ௦ିߝ ൅ ଶሺ߱/߱௥ሻଶ൨ߨ4 െ ݆ ቈሺߝ௦ െ ஶሻߝ ൅ ሺ߱/߱௥ሻ1ߨ2 ൅  ଶሺ߱/߱௥ሻଶ቉ߨ4

(16b) 
 

The material at very high (f → ∞) and quasi-static (f → 0) 
frequencies. 
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Fig. 2. Dielectric relaxation: debye relation 

 
The real and imaginary parts of the Debye relation are 

depicted in Fig. 2. The Debye relation can be represented as 
shown in Fig. 3. It is known as the Cole-Cole diagram. This 
graphical representation which is of considerable practical 
importance involves plotting ε′ versus ε″. The function ε″(ε′) 
can be obtained by elimination of ω between the equations 
ε′m(ω)  and ε″m(ω). The functional relation obtained in this 
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format can be shown to be a circle. ∗ε  is now presented by 
the semi-circle of radius 2/)( ∞− εε s  centered at 

2/)( sεεε +=′ ∞ . The top of this semi-circle corresponds 

to ωτr = 1. The relaxation time is calculated from τr = 1/fr. It 
can be seen that ε′ decreases with frequency. This means that 
the energy stored in the material will decrease with 
frequency. 

This gives, ߝ௥௩ሺ߱ሻ ൌ  ஶ (19)ߝ
 
௘௙௙ሺ0ሻߝ  ൌ  ௦ (20)ߝ
 
 ߬଴ ൌ ඥܳሺ߱ሻ (21) 

 

      ε″m

                 ω                                          jωτr

                                                                          ε′m

        0       ε∞                                     εs
 

                      Fig. 3. Cole-Cole diagram of material-based 
 

IV. COLE-COLE DIAGRAM REPRESENTATION OF 
THREE-LAYER SHIELDED MICROSTRIP LINE 

The concept of dielectric relaxation can be analogously 
applied to characterize the frequency-dependent performance 
of a microstrip line. Hence, a frequency-dependent effective 
permittivity deduced for the three-layer shielded microstrip 
line [5] can be written in a Debye relation form as follows:  

The frequency-dependent effective permittivity in Eqn. (1), 
it 
ೠᇲߝ  ሺ߱ሻ ൌ ೐೑೑ሺ߱ሻߝ ൌ ቈߝೝೡሺ߱ሻ ൅ ೐೑೑ሺ0ሻߝ െ ೝೡሺ߱ሻ1ߝ ൅ ܳሺ߱ሻ ቉ ؠ ܴ݁ ቈߝೝೡሺ߱ሻ ൅ ೐೑೑ሺ0ሻߝ െ ೝೡሺ߱ሻ1ߝ ൅ ݆ሺ1/2ߨሻሺ߱బ/߱ሻ቉ 

(17) 
 

can be equated to the real part of Eqn. (16b) as follows. 
೐೑೑ሺ߱ሻߝ  ൌ ೝೡሺ߱ሻߝ ൅ ೐೑೑ሺ0ሻߝ െ ೝೡሺ߱ሻ1ߝ ൅ ܳሺ߱ሻ  ൌ ஶߝ ൅ ೞߝ െ ಮ1ߝ ൅  ଶሺ߱/߱௥ሻଶߨ4

(18) 
 

Now the “imaginary part” of the equivalent permittivity of 
a microstrip system can be obtained by applying Eqns. 
(19)-(21) into the imaginary part of Eqn. (16b). Hence, the 
imaginary part of Cole-Cole expression for a microstrip 
system can be written as 
 

"௨ߝ ሺ߱ሻ ൌ ቎ቀߝ೐೑೑ሺ0ሻ െ ೝೡሺ߱ሻቁߝ ඥܳሺ߱ሻ1 ൅ ܳሺ߱ሻ ቏ 

(19) 
 

Therefore, the complex permittivity of microstrip system 
in compact form can be written as: 
כೠߝ  ሺ߱ሻ ൌ ೝೡሺ߱ሻߝ ൅ ೐೑೑ሺ0ሻߝ െ ೝೡሺ߱ሻ1ߝ ൅ ݆ሺ1/2ߨሻሺ߱బ/߱ሻ 

(20) 
 

In theory, the maximum points of semi-circles in the 
Cole-Cole patterns correspond to maximum Debye loss in a 
dielectric material [8] but, in respect to themicrostrip system, 
these points can be used to depict the maximum reactive 
(capacitive) energy confined within the microstrip structure. 
That is pertinent to the maximum value point (A) in Fig. 4. 
Therefore, it can be considered that the microstrip geometry 
holds the field within itself, rather than letting it fringe out.  
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Fig.  4. Cole-Cole representation of reactive relaxation of the three-layer 

shielded microstrip line 
 

V. SIMULATION AND RESULT 
Two lossless dielectric substrates are chosen for this study 

which are εr1 = 2.2 and εr2 = 9.7. The line-width to substrate 
thickness ratio w/h is taken as 1.0, 2.0, and 4.0.  with h1 = 
0.053 cm, h2 = 0.097 cm, h3 = 0.159 cm, and h = h1+ h2.  

Considering the equivalent Cole-Cole diagram of the test 
microstrip depicted in Fig. 5, the simulation results reveal 
that the nonfringing part of the reactive energy in the 
microstrip reduces when the w/h ratio increases. For example, 
about 10% reduction of this nonfringing energy is observed z 
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Fig. 5. Cole-COLE diagrams of the three-layer shielded microstrip line: 
εr1 = 2.2, εr2 = 9.7, h1 = 0.053 cm and h2 = 0.097 cm. 

( i ) w/h= 1.0 ( ii ) w/h = 2.0 ( iii ) w/h = 4.0 

VI. CONCLUSIONS 
In this paper, the algorithm used to represent the 

frequency-dependent characteristics of the three-layer 
shielded microstrip line is based on Cole-Cole dispersion 
concept. After a thorough research it has been confirmed that 
proposed model has not been addressed in the literature until 
now. The research presented in this paper will be a valuable 
contribution towards computer-aided microwave circuit 
designs. 
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